ABSTRACT. We have introduced, in this paper, the generalized classes of starlike and convex functions of order by using the fractional calculus. We then proved some subordination theorems, argument theorems, and various results of modified Hadamard product for functions belonging to these classes. We have also established some properties about the generalized Libera operator defined on these classes of functions.
generalized Libera were introduced by Robertson [I] , and studied subsequently by Schlld [2] , MacGregor [3], Pinchuk [4] , and others.
Many essentially equivalent definitions of the fractional calculus (that is, fractional derivatives and fractional integrals) have been given in the literature (cf., e.g., [5, Chapter 13] , [6] , [7] , [8] , [9] , [i0, p. 28 at seq.], and [ii]).
For our discussion, it is more convenient to use the following definitions which were employed recently by Owa [12 and by Srivastava and Owa [13] . 
Also let K(C,l) be the class of all functlons f(z) in S such that A(l,f) S*(,l) for < 1 and 0 <-< [14] . Recently, Owa and Shen [15] The classes T* (e,l) and C(,I) were studied by Owa [14 ] , and the special cases T*(,0) and C(,0) were studied by Silverman [16] . Thus the classes T*(,l) and C(,I) provide an interesting generalizatlon of the ones considered by Silverman [16] . (cf. [17] , [18] ).
In order to prove our first theorem, we require the following lemma due to
Miller, Mocanu, and Reade [19] . 
Using Lemma 2. i, we can prove THEOREM 2.1. Let the function f(z) defined by (i.I) be in the class S*(,l) (0 <_
where A(l,f) is given by (1.8).
PROOF. Note that the function g (z) defined by
maps the unit disk U onto the half domain such that Re (w) > This Implies from the definition of the class S*(,I) that
Furthermore, the function g(z) is analytic wlth g' (0) 2 (l-s) M 0 and In this section, we derive the argument theorems for functions belonging to the classes S*(,I) and K(e,l). where A(A,f) is given by (1.8).
PROOF. The proof is clear from (3.5).
Moreover it is easy to show that We recall here the following two lemmas due to Owa [14] before state and prove our results of this section. (1-) (1-1)
The result is sharp.
PROOF. We use a technique due to Schild and Silverman [20] . It is sufficient to prove that 7.
,n n= 2 Therefore we need find the largest 8 such that 7.
F(n+I) F(I-A)
8} al,
In view of (4.7), we observe that it suffices to find the largest 8 such that
r Cn-l) (4.10) we note that (4.10) gives we can see that the result is sharp. This operator J (f) when c is a natural number was studied by Bernardi [21] . c
In particular, the operator Jl(f) was studied by Libera [22] , Lvingston [23] , and Mocanu, Reade and Ripeanu [24] . It follows from (6.1) that (c---l) a z n n+c n n=l (6.2) In order to prove our theorem, we recall here the following theorem due to Jack [25] . 
